The calculation of the partial widths of the Z boson in the effective scheme is discussed. Simple formulae for sin 2 θ lept ef f , M W , and Γ l in the on-shell, M S, and effective renormalization schemes are presented. Their domain of validity extends to low M H values probed by current experiments, and to the range of ∆α 
h results from recent calculations. Physical applications of these formulae are illustrated. A comparative analysis of the above mentioned schemes is presented. The paper includes a discussion of the discrepancy of the sin 2 θ lept ef f values derived from the leptonic and hadronic sectors and of the shortcomings of theoretical error estimates of sin 2 θ lept ef f based solely on those affecting M W .
Introduction
The on-shell [1, 2] and MS formulations [3, 4, 5, 6, 7] are two of the most frequently employed schemes of renormalization in the evaluation of electroweak corrections. The on-shell approach (OS) is very "physical", as it identifies the renormalized parameters with observable, scale-independent constants, such as α, M W and M Z . On the other hand, MS calculations exhibit very good convergence properties. In fact, they follow closely the structure of the unrenormalized theory and, for this reason, avoid large finite corrections that are frequently induced by renormalization. They also involve inherently scale-dependent parameters, such asα (µ) and sin 2θ W (µ), which play a crucial role in the analysis of grand-unification.
Recently, a novel approach, the effective scheme of renormalization (EFF), has been proposed [8, 9] . It shares the good convergence properties of the MS formulation but, at the same time, eliminates the residual scale dependence induced, in finite orders, by the truncation of the perturbative series. Like the OS approach, it identifies the renormalized parameters with observable, scale-independent constants, such as α, s [10] greatly reduces the scheme and scale dependence of the radiative corrections in the theoretical evaluation of s 2 ef f and M W , as well as the upper bound on M H [11, 12] . In these papers the calculations were carried out in two different implementations of the on-shell scheme of renormalization, denoted as OSI and OSII, as well as in the MS framework. Comparison of the three calculations led to an analysis of the scheme dependence and, by inference, to an estimate of the theoretical error due to the truncation of the perturbative series. Ref. [13] extended these studies to the analysis of the partial leptonic widths Γ l of the Z boson. In turn, Refs. [8, 9] discussed the results of the s 2 ef f and M W calculations in the EFF scheme. One of the objectives of this paper is to present simple analytic formulae for the precisely measured parameters s 2 ef f , M W , and Γ l in the four schemes (MS, OSI, OSII, EFF), as functions of M H and important inputs such as M t , ∆α (5) h (M Z ), and α s (M Z ), and to illustrate their usefulness in physical applications. Expressions of this type have been discussed before in the framework of the OS and MS schemes [12, 13] . In the present paper we extend the range of validity of the formulae to lower values of M H probed by recent measurements, and include the corresponding expressions in the EFF scheme.
The plan of the paper is the following: Section 2 outlines the theoretical derivation of Γ l in the EFF scheme, which has not been discussed in the literature. Section 3 presents simple formulae for s a color factor N c = 3 is appended and Q lkl is replaced by Q fkf (f =u-c). In this case, one-loop QCD corrections are included by inserting a factor 1 + α s (M z )/4π. These expressions are conventionally evaluated at µ = M Z but, in principle, they may be studied over a range of µ-values since the truncation of the perturbative series induces, in general, a residual scale dependence.
As in Ref. [8] , we attempt to express Eq. (1) in terms of scale-independent constants such as G µ , M Z , and s 2 ef f . Recalling the basic relation [7] 
we note that, through terms of O(g 4 ), the expression between curly brackets in Eq. (1) becomes
In the case of the four lightest quarks (f = u − c), Eq. (3) is replaced by
Next, we turn our attention to the overall coupling (ê 2 /ŝ 2ĉ2 ) and the correction factorη f = 1 + (ê 2 /ŝ 2 )∆η f in Eq. (1). It is convenient to split the latter into one-and two-loop contributions:
The amplitudes (ê 2 /ŝ 2 )∆η
involve the field renormalization of the Z boson and appropriate vertex contributions and have been studied in Ref. [6] and Ref. [13] , respectively 5 . In order to express (
In analogy with Eq. (5), it is convenient to split (ê 2 /ŝ 2 )∆ρ and (ê 2 /ŝ 2 )f into one and two-loop contributions. Noting that ∆η
n ) (n = 1, 2), and expanding in powers
where
and
is the leading contribution to ∆ρ (1) [8] ). In practice, it is advantageous to evaluate the corresponding derivative numerically, rather than analytically.
Furthermore, since
is independent of c 2 and the remaining one-loop contributions in Eq. (10), namely
2 ). Substituting Eq. (3) and the result derived from Eq. (10) into Eq. (1), we obtain the final expression for Γ l in the EFF scheme.
3 Simple formulae for sin 2 θ lept ef f , M W , and Γ l
In this Section we present simple analytic formulae for s 2 ef f , M W , and Γ l that reproduce accurately the results of the calculations reported in Refs. [8, 11, 13] , and Section 2 of the present paper, over the range 20 GeV ≤ M H ≤ 300 GeV. We have extended considerably the lower bound of the range since current M W measurements, by themselves, favor low values of M H .
The formulae are of the form
We employ the input parameters [14, 15, 16] M Z = 91.1875 GeV , α = 1/137.03599976 ,
and include QCD corrections in the µ t =m (µ t ) approach explained in Refs. [11, 17] . In contrast with the expressions for s 2 ef f given in Ref. [12] , we note that Eq. (13) contains a term quadratic in A 1 , a modification we have introduced in order to extend the accuracy of the formula to low M H values. Eqs. (13, 14, 15) incorporate complete one-loop corrections, as well as twoloop contributions proportional to (M
n (n = 1, 2), studied in Refs. [10, 11, 13, 18] , and Section 2 of the present paper. Tables 1, 2 , and 3 present the constants (s
in the MS , OSI, OSII, and EFF schemes. In particular, OSII is strictly independent of the electroweak scale, a property that it shares with the EFF scheme. Over the range 20 GeV ≤ M H ≤ 300 GeV, and varying the input parameters within 1σ, these formulae reproduce the calculations from the detailed codes with maximum absolute deviations ≈ 10
Although we have employed ∆α
, we recall that recent calculations of this important quantity range from 0.027426 ± 0.000190 [19] to 0.027896 ± 0.000395 [20] . For this reason, we have examined the validity of Eqs. (13, 14, 15) , with the coefficients given in Tables 1, 2 , and 3, over the large range 0.0272 ≤ ∆α (5) h ≤ 0.0283 that encompasses the recent calculations. We find that the simple formulae still reproduce the results from the detailed codes with maximum absolute deviations that are very close to those reported above.
It is worthwhile to note that the current experimental uncertainty in
ef f , 0.78 MeV in M W , and 4 KeV in Γ l , which are of the same magnitude as the deviations discussed above. Thus, the accuracy within which Eqs. (13, 14, 15) reproduce the calculations of the detailed codes employed in Refs. [8, 11, 13] and of the present paper, is sufficient at present.
As a first application, we employ Eq. (13) in the EFF scheme to obtain the value of M H derived from the current world average (s 
where M
95
H stands for the 95 % CL upper bound. We may also determine M H using the experimental value of M W in conjunction with Eq. (14) . The current average of the pp -collider and LEP2 measurements is (M W ) exp = 80.451 ± 0.033 GeV [14] .
, we obtain in the EFF scheme y = −0.0648 ± 0.0470, y < 0.0117 at 95 % CL , which corresponds to
The results given in Eqs. (18, 19) have been confirmed on the basis of a χ 2 -analysis based on the simple formulae. The central values of M H have also been verified using the detailed codes.
In summary, for current experimental inputs, M W leads to significantly lower values of M H than those derived from s 2 ef f . This divergence can be also illustrated by using the A 1 value derived from s 
which differs from (M W ) exp. by 1.86 σ. It is worth noting that the indirect determination derived by using s 2 ef f (Eq. (20)) is quite close to the corresponding value (M W ) indir. = 80.379 ± 0.023 GeV obtained in the global analysis [14] .
It is also very interesting to obtain M H using simultaneously the experimental values of s 
This result is of course dominated by the s 2 ef f and M W data, and may be compared with M We remind the reader that the current determination of (s 
in the combined s 
Comparative analysis of the OS, M S, and EFF renormalization schemes
As mentioned in the introduction, because of the truncation of the perturbative series, the MS calculations have a residual scale dependence, while the EFF scheme is strictly scale independent. This is illustrated in Fig. 1 , which compares, in the case M H = 100 GeV, the scale dependence of Γ l in the MS scheme with the scale-independent value in the EFF scheme. We note that the latter coincides, to very good approximation, with the maximum of the MS curve, which occurs at µ ≈ 75 GeV, a scale somewhat smaller than M Z . Nonetheless, the difference between the EFF value and the MS calculation at µ = M Z is very small. Tables 4, 5 , 6, present the value of s 2 ef f , M W , and Γ l , as functions of M H , in the four schemes discussed in the paper. They have been obtained using the detailed numerical codes employed in Refs. [8, 11, 13] and the present paper, the central values of the input parameters in Eq. (17), and µ = M Z in the case of the MS and OSI schemes. We have kept six significant figures to show more precisely the differences between the various schemes.
It is interesting to note that, in contrast with s 2 ef f and M W , Γ l is not a monotonic function of M H . Indeed, it shows a maximum at M H ≈ 52 GeV.
Examination of Table 4 shows that the maximum difference for s 2 ef f among the four schemes amounts to 3.7 × 10 −5 and occurs between OSII and EFF at M H = 200, 250, 300 GeV. For M W , the maximum difference is 2.4 MeV and occurs between MS and OSI at M H = 20 GeV. Finally, for Γ l , the maximum difference is 3.3 KeV and occurs between OSI and OSII at M H = 300 GeV. These differences are quite similar to those encountered in Ref. [8, 11] for the s 2 ef f and M W calculations over the range 65 GeV ≤ M H ≤ 600 GeV. They illustrate the scheme dependence of current calculations and provide a first estimate of the theoretical error due to the truncation of the perturbative series. Taking into account further uncertainties associated with the QCD corrections [12, 27] , the theoretical errors may be enlarged to ≈ 6 × 10 −5 in s 2 ef f and ≈ 7 MeV in M W . In the case of M W , an alternative comparison has been made between OSII, with an M t -implementation of QCD corrections [11] , and important recent calculations that include all O(α 2 ) contributions to ∆r that contain a fermionic loop [28] . The latter incorporate not only the terms of order
Over the range 65 GeV ≤ M H ≤ 600 GeV, Ref. [28] reported a monotonically decreasing difference between OSII and the more complete calculations, amounting to ≈ 5 MeV at M H = 100 GeV when the two-loop leptonic contributions to ∆α are included in both calculations. A glance at Table 5 tells us then that the difference between the other schemes and Ref. [28] is somewhat larger, reaching ≈ 7 MeV for MS at M H = 100 GeV.
Since the more complete calculations have not been implemented so far in the case of s 2 ef f and Γ l , similar estimates of the theoretical error for these important amplitudes are not yet available. It has been argued [28] that the M W difference between OSII and the more complete calculations may be used to provide an estimate of the theoretical error in the evaluation of s 2 ef f , via the OS relation s
Z and 1 + ∆k is the relevant electroweak form factor. In this approach, the uncertainty in M W , and therefore in s 2 , is translated into an estimate of the error in the calculation of s 2 ef f . In our view, such arguments may well be misleading since important corrections involving
where A W W and A ZZ are the W and Z self-energies, contribute with opposite signs to ∆k and ∆r [1] . As a consequence, an additional contribution δX to X leads to 
Conclusions
In Section 2, we have discussed the calculation of the leptonic partial width Γ l of the Z boson in the effective scheme of renormalization. The extension to the case of the four lightest quarks involves simple modifications, outlined in the text. Our starting point has been the corresponding expressions in the MS approach [13] . Both formulations include the corrections
. A salient feature of the calculations in the effective scheme is that, in contrast with their MS counterparts, they are strictly scale independent in finite orders of perturbation theory. This is illustrated in Fig. 1 which depicts, for M H = 100 GeV, the scale dependence of current calculations of Γ l in the MS approach and its comparison with the effective scheme result.
In Section 3, we have presented very simple formulae for sin 2 θ lept ef f , M W , and Γ l , as functions of M H and important input parameters such as ∆α (5) h , M t , and α s (M Z ). A novel feature of these formulae is that their range of validity has been extended to low M H values probed by current experiments. Furthermore, they retain their accuracy over the range of ∆α (5) Table 5 : Values for M W (in GeV) in the four renormalization schemes considered in the paper (calculated as in Table 4 ). Table 6 : Values for Γ l (in MeV) in the four renormalization schemes considered in the paper (calculated as in Table 4 ). 
